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STANDARD 3-COMPONENTS OF TYPE Sp(6, 2)
BY
LARRY FINKELSTEIN' AND DANIEL FROHARDT

ABSTRACT. It is shown that if G is a finite simple group with a standard 3-compo-
nent of type Sp(6, 2) and G satisfies certain 2-local and 3-local conditions then
either G is isomorphic to Sp(8, 2) or G is isomorphic to F(2).

1. Introduction. As part of their program to classify finite simple groups of
characteristic 2-type, Gorenstein and Lyons [9] introduced a set of Standard form
problems for odd primes. In a standard form problem for the prime 3, one is
concerned with groups having the following properties.

HyPOTHESIS A. G is a finite group with an element b of order 3 such that
C = C(b) satisfies the following conditions.

(A1) C has a quasisimple normal subgroup L;

(A2) C(L) has cyclic Sylow 3-subgroups;

(A3) my5(G) = my5(C);

(A4) <b> is not weakly closed in C with respect to G;

(AS) if B* € By,,(C; 3), then B* acts nontrivially on some 2-subgroup of C.

Here Bpa(C;3) is the collection of elementary abelian 3-subgroups of C of
maximal rank with respect to lying in a 2-local subgroup. The main result of this
paper is the following theorem.

THEOREM A. Let G be a finite group of characteristic 2-type with 0*(G) = G and
05(G) = {1). If G satisfies Hypothesis A with L isomorphic to Sp(6, 2), then G is
isomorphic to Sp(8, 2) or to F,(2).

Theorem A provides the solution to a standard form problem required by
Aschbacher in his work on the classification of characteristic 2-type simple groups
G satisfying e(G) = 3. In general, we say that L is a standard 3-component of the
characteristic 2-type simple group G if the conditions of Hypothesis A are satisfied.
Although our definition of standard form differs from that given by Gorenstein
and Lyons [9], the conditions of Hypothesis A follow from their result for most
Chevalley groups defined over GF(2). If L has the property that m,;(L) < my(L),
then it is easy to verify that (A3) and (AS) are equivalent to the following
hypothesis:

(A3) my(G) = mys(L) + 1.

In particular, (A3)" holds when L is isomorphic to Sp(6, 2).
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In [4] and [5] the authors classified groups with a standard 3-component
isomorphic to L,(2), n > 5, and in [6] the first author and R. Solomon classified
groups with a standard 3-component isomorphic to Sp(2n, 2), n > 4. The proof of
Theorem A follows the same outline as these papers. We begin the analysis by
determining the fusion of b in C. Two fusion patterns emerge corresponding to the
cases where G is isomorphic to Sp(8, 2) or F,(2) respectively. In the Sp(8, 2) case
we are able to show that G contains an involution ¢ which centralizes L and such
that C(¢) is isomorphic to the centralizer of a transvection in Sp(8, 2). A generators
and relations argument using Curtis’ theorem [2] then yields a subgroup Y of G
with Y = Sp(8, 2) and C,(r) = C(#). The identification of Y with G is made via
Holt’s theorem [11]. It should be noted that the generators and relations argument
used in [7] breaks down when L is isomorphic to Sp(6, 2).

In the F,(2) case, we first determine partial information about the structure of
the centralizers of two involutions of G. These subgroups correspond to the
maximal parabolic subgroups of F,(2) obtained by eliminating a node at either end
of the Dynkin diagram of F,. This information, although incomplete, is sufficient,
when coupled with our knowledge of certain 3-local subgroups of G, to allow us to
apply Curtis’ theorem to construct a subgroup Y of G isomorphic to Fy(2). As
before, Holt’s theorem is then used to prove that Y = G.

2. Properties of certain Chevalley groups. In this section, we enumerate the
properties of certain Chevalley groups required for the proof of Theorem A.

Let (, ) be a nonsingular symplectic form on a vector space V of dimension
2n + 2 over GF(2) and let Sp(V) be the group of the nonsingular linear transfor-
mations of ¥ which preserve (, ). Choose a basis {eg, fy, - - - , €,, f,} for V so that

(e ej) = (fnf,) =0, (ei’f_;’) = 8.',"
0<i,j<n Let V,={e,f>,0<i<nm sothat V=V,LV,L--- LV, For
AC{0,1,...,n} let V,=(V;: i €A). Since Cg,y(V,) acts naturally as
Sp(V,) on V,, we may identify Cgp(V,) with Sp(V,). Using this convention, it
follows that if 4 N B = &, then [Sp(V,), Sp(¥5)] = 1. Let K be the symmetric
group on {0, 1, ..., n}. Then we may think of K as a subgroup of Sp(¥’) with the
action of 0 € K on V given by
€0 = ¢, fio = j},

for 0 < i, j < n. Note that Sp(V,)° = Sp(V,,) for 4 C {0, 1, ..., n}. In particular,
if Sp(V)) =<b,, t;) = 3, with <b;) = O4(Sp(V;)) and B = <{by, b,, ..., b,), then
N(B) = ((bgy, tg) X = -+ X<b,, t,))K = 2,2, . We summarize important
properties of Sp(V) in the following result.

(2.1) The following conditions hold in Sp(¥):

(i) B contains representatives of all the conjugacy classes of elements of order 3
of Sp(¥V).

(ii) B is the unique E,...-subgroup of N(B). Hence N(B) contains a Sylow
3-subgroup of Sp(¥) and my(Sp(V)) = n + 1.

(iii) m, 5(SP(V)) = n.

(iv) Let z be an involution of Sp(¥) and assume that n > 2. Then some
conjugate of z centralizes b, or byb,.
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(v) Let ¢ be a transvection of Sp(V). Then C(f) = TL whereT = O,(C(?)) =
E,vvand Lactsas O2n + 1,2)on T.

(vi) N((b;>) = (b, ;> X Sp(V;), where i’ = {i}’ and Sp(¥,) acts naturally on
V,=Cub),i=0,1,...,n

PROOF. See [6, §2].

(2.2) All subgroups of SL(V') isomorphic to Sp(¥') are conjugate to Sp(V).

Proor. This is presumably well known, but for the convenience of the reader, we
supply an argument. The proof is by induction on n. The result is clear if n = 0 or
1, so assume n > 2. Let H be a subgroup of SL(V) isomorphic to Sp(¥’). Since
Sp(¥V) contains a Sylow 3-subgroup P of SL(V), we may assume that P C Sp(¥V)
N H. Without loss, it may be further assumed by (2.lii) that B = J(P). As
Nsp(B) = Ngr1(B), it follows that Ng,,\(B) =<b,t: 0<i<n)K CHN
Sp(V). If B is an element of order 3 of H such that C,(B8) = Z, X Sp(2n, 2), then
n > 2 implies that 8 =j b,. Thus O%(Cy(b,)) is isomorphic to Sp(2n, 2), central-
izes ¥, and acts faithfully on V. By induction, there exists x € Cg; (V) such
that x ~'(O%(Cp(by)))x = Sp(Vy). Hence Cspn(bp) € H* N Sp(V). Since B C
Cspr(bo), we also have {Cg,(bg), Nsyi(B)) € H* N Sp(V). This implies that
if 4 C{0,1,...,n}, |4] =2, then Sp(V,) C H* N Sp(V). But these subgroups
generate Sp(V) by [6, Lemma 2.7], hence H* = Sp(V).

(2.3) Let L = Sp(2n, 2) act faithfully on T = Ey..: with CHL) = {t) = Z,.
Then either T = {t)> X [T, L) or L acts as O(2n + 1,2) on T.

ProoF. It suffices to show that X = C,r(?) has precisely two conjugacy
classes of Sp(2n, 2) subgroups. Let U = Oy X). Then U=E,. and X = U-
Aut(U). By (2.3), Aut(U) has one conjugacy class of Sp(2n, 2) subgroups. Hence
the problem is further reduced to showing that U - L has two conjugacy classes of
complements. The assertion is a consequence of a result of Pollatsek [13], so the
proof is finished.

We now discuss the relationship between the geometric and Chevalley represen-
tations of Sp(¥’). Let {wg, w,, . . . , w,} be an orthonormal basis of R**!, We define
a root system ® of type C,,, as follows:

®={+tw *w,2w:0<i%*j<n}

(2.4) Sp(V) is generated by the involutions {U,(1): a € ®}. The matrices of
U, (1), a € @, relative to {ey, fy, - . . , ¢,, f,} satisfy the following;

(i) mat(U,(1)) = mat(U_,(1))".

(i) U,, ., (1) acts as the identity on V}, k & {i, j}. With respect to {e, f, €, f},

[1 010
may(U,_, M) =| § o 9 0},
01 0 1]
(1 0 0 1]
mat(Uw,+wj(1))=g : ‘l’ g.
(0 0 0 1
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(iii) U,,,(1) acts as the identity on V,, for k # i. With respect to {e; f;},
1 1
t(U,, (1)) = .
mat(Ua, (D) =[ ¢ 1]

Also, we have the Chevalley commutator formula

(iv) [U,(1), Ug(1)] = II U,y4g(C;j; ap), Where i, j are positive integers such that
ia + jB € ® and C;,, 4 are the Chevalley structure constants for the Lie algebra of
type C, 4 -

A fundamental system for ® is { p, py, . . ., p,} Where p, = 2w, and p, = w; —
Wiy 1 Ki<n Letd,,=®nN<p,p;>andset 4 = U 4,;, 0 <i,j < n. The next
result is due to Curtis [2] and Steinberg [14] and gives a convenient presentation for
Sp(V).

(2.5) A presentation for Sp(¥V) (dim(¥) > 8) is obtained from the generators
{U,(1): « € A} and the relations

(i) U (1)*> =1and

@) [U, (1), Ug(D] = LU 45(C; ap)»
where a, 8 are independent roots in the same 4, ..

In (2.4), we described how Sp(V) may be identified with the Chevalley group
C,,1(2). However, it will be necessary in §6 to use the isomorphism between Sp(V)
and the group B, . (2). In this case, we may define the root system ®* dual to ® by
setting r* = 2r/(r, r) and

o* = {r*:r € @}.
Note that r* = r if r = = w, = w,, i ¥, whereas 2w* = w,. Thus ®* has type

i J
B, , and r* is long if and only if r is short. It then follows from a result of Ree that

(2.4) may be restated by replacing ® with ®* and r with r* to obtain the
isomorphism between Sp(V) and B, ,(2).

(2.6) DEFINITION. Let G be a Chevalley group of normal type defined over GF(2)
with root system Z. An SL(2, 2)-subgroup K of G is said to be a root SL(2, 2)-sub-
group if K is conjugate to <U_,> for some a € 2. Here U, = (U, (1)), a € Z. If
> has roots of different lengths, then K is said to be a long (short) root SL(2, 2)-
subgroup.

The next result is important for the construction of F,(2) in §6 and may be of
some independent interest.

(2.7) The following is true.

(i) All SL(3, 2)-subgroups of SL(n, 2) (n > 3) which contain a root SL(2, 2)-sub-
group are conjugate.

(ii)) Regard Sp(V) as C,,(2) (n > 2). Then all SL(3, 2)-subgroups of Sp(V)
which contain a short root SL(2, 2)-subgroup are conjugate.

PRrOOF. (i) Let U be a vector space of dimension n over GF(2) and let H be an
SL(3, 2)-subgroup of SL(U) which contains a root SL(2, 2)-subgroup. It suffices to
show that U = U, ® U, where U, = [U, H] has dimension 3 and U, = C(H). By
[5, (6.3)] and assumption, H = {7, 7,, T3> where each 7, is a root involution of
SL(U). Since root involutions of SL(U) act as transvections on U, dim({U, 1;]) =
1, 1 <i < 3. In particular, dim(Cy(7)) = n — 1, 1 <i < 3, and it follows that
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U, = Cy(H) = N3_, Cy(r,) has dimension n — 3. Set U, = (U, 7]: 1 <i < 3).
Then U, has dimension 3 and is invariant under H as [U,, 7, ] C U,, 1 <i < 3.
Thus U = U, & U, is the required decomposition of U.

(ii) Assume first that dim(¥) = 6. In the previous notation for Sp(¥’), we have
n=2and £={*xw, +w, 0<i#;<2}is a subsystem of ® of type 4; with
fundamental system {w, — w,, wy — w;, w; + w,}. Hence J =<{U,(1): r€Z) =
A5(2) = SL(4, 2). Furthermore, the element n,, of the Weyl group of Sp(V) acts as
the graph automorphism on J so that J* = {(J, n, > = Ng,;,(J) = Aut(J). Con-
sider the permutation representation of Sp(¥) on the set £ of the 36 Sp(¥)-con-
jugates of J*. We shall show that if H is an SL(3, 2)-subgroup of Sp(V) containing
a root SL(2, 2)-subgroup, then H is conjugate to a subgroup of J. To do this, it
suffices to show that H fixes a point of 2. Without loss, we may assume that
U4 w,-wy> € H N J. Using the permutation character of Sp(}) acting on &
given in [8), we then see that an involution of H fixes 12 points of 2. Moreover, an
F,, subgroup of H acting on £ has orbits of lengths 1, 7, 7 and 21. The only
possible set of orbit lengths of H compatible with this information is then easily
seen to be {1,7, 7, 21}. Thus H is conjugate to a subgroup of J. But then H is an
SL(3, 2)-subgroup of J containing a root SL(2, 2)-subgroup of J; hence by (i), H is
conjugate in J t0 (U, —wpy Usxw,—wy>- As H is arbitrary, the result follows.

Now assume that dim(¥) > 6. Let H = {7, 1,, 7;) where each 7, is a short root
involution of Sp(¥). Let U = 33_,[V, 7,]. Since dim([ ¥, 7,]) = 2 by (2.4ii), dim(U)
< 6. Evidently [V, H] C U, hence H normalizes U and acts trivially on ¥/ U. The
irreducible GF(2)-modules for SL(3, 2) have dimensions 1, 3, 3 and 8. Also if B is
an element of order 3 of a short root SL(2, 2)-subgroup of H, then [V, B8] is the
orthogonal sum of two hyperbolic planes. An easy argument then yields dim(U) =
6,and U N U* = {0). As H normalizes U* and [H, U*]C U N U* = (0}, H
centralizes U*. But U is conjugate under Sp(V) to V,L V, LV, and accordingly,
H is conjugate in Sp(V) to a subgroup of Sp(¥;,,). We may now appeal to the case
dim(¥) = 6 to complete the argument.

Finally, we complete our discussion of the symplectic groups by proving the
following result which is crucial for our construction of F,(2).

(2.8) Let K be a short (resp. long) root SL(2, 2)-subgroup of C;(2) (resp. B4(2)).
Then K commutes with exactly one long and one short root SL(2, 2)-subgroup.

PrROOF. We prove the result only for C,(2). For convenience, let K =
(U wy=wy»- By (2.4ii), we compute that N(K) = K X (U, gysw)y? X (Usau,)-
The result now follows by inspection.

We turn our attention to F,(2) and enumerate those properties required for the
proof of Theorem A. Let {w,, w,, w3, w,} be an orthonormal basis of R*. We define
a root system A of type F, as follows:

Tw, w1l <i#j<4
*w:l1<i<4

1
E(iwl T w, wytw)
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A fundamental system for A is given by { p,, p,, P3, p4} Where

1
Py =5(W|_W2" W3 = W), Py =Ws p3=w3—w, and p,=w, — w
This gives rise to the following diagram:

P P2 P3 Pa
Fy(2) is generated by the involutions { U,(1): « € A}. If a and B are independent
roots of A, then we have the Chevalley commutator formula

[Ua(l)’ Uﬁ(l)] m+jﬁ( ij; aﬂ)
where i, j are positive integers such that ia + j8 € A and C;; ij;ap are the structure
constants for the Lie algebra of type F,.

In constructing F,(2), it is convenient for us to reformulate Curtis’ theorem in the
following way.

(2.9) Let Y be a group generated by SL(2, 2)-subgroups {K;: 1 <i < 4}. Set
Y, =<K}, K,), Y, = {K,, K3, K,) and assume that there exist monomorphisms =;:
Y, > F(2), i = 1,2, such that 7(K)) = (U_j} 1 < j < 4. Further assume that
[K, K] =1, |j — | > 1. Then there exists an epimorphism 7: Y — F,(2) with
ker7 C Z(Y)and n(K) = (U, > 1</j<4

PROOF. Let A, = AN <p,,p2> and A, = {p,, p3, p4>. Then A, has type 4, and
A, has type B;. Since m(Y;) = (U,: a € 4,), it follows that Y, = SL(3, 2) and
Y, = Sp(6, 2). We claim that Y, N Y, = K,. Otherwise, Y, N Y, = 3, or SL(3, 2)
and an easy argument using [1, (6.2)] implies that Y, N Y, contains an involution
k, € K,. But then [k, {Kj, K,>] = 1 and this contradicts the fact (see [1]) that no
involution of Sp(6, 2) centralizes an SL(3, 2)-subgroup.

We want to show that 7, may be adjusted so that 7 |K, = m,|K,. Let U =

7y (U), r €A U = U"‘ #* Uﬂ, , then by 5, 6. 3)] (K}, U) = <{K,, K,). Since
U‘ , centralizes <K,, U, we then have that [U* oy _p,] = ] which is 1mposs1ble
Slmllarly, U._ 7 U %p, yields a contradiction and we conclude that { U, ,U_ ) =
{Uy, U%,,}. There exists an outer automorphism of (K, K,) whlch leaves K;
invariant and interchanges U with U_ i =12 Precedmg ™ by this automor-
phism if necessary, we may assume that U U“‘ and U = U’:‘pz Therefore
7| K, = m,|K,. In particular, this implies that the map 7, U 'nz is well defined on
YUY,

Let 4; =AN<p,p;y and set A = U 4;, 1 <i, j < 4. Observe that 4, =
{£p,p} if |i — j| > 1. In particular, 4 C A, U A,, hence for each a € 4, we may
define U, (1) = (7, U m) " (U,(1)). Clearly Y = <U (1): @ € 4). Suppose that «
and B are independent roots which are linear combinations of the fundamental
roots p; and p,. If |1 - }> 1, then [U(l) Up(l)] = 1. On the other hand, if
li —j] < 1, then (U(1), UB(1)> Y, i=1 or 2. In either case, we have the
Chevalley commutator formula

[ ﬁu(l)’ 0ﬂ(l)] H ljta+jﬁ( ij: aﬁ)
Therefore, by a result of Curtis [2], there exists an epimorphism #: ¥ — F,(2) such
that7|Y, = =, i = 1,2, and ker 7 C Z(Y).
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The next result summarizes some properties of the 2-structure of F,(2).

(2.10) The following hold.

(i) F4(2) has 4 classes of involutions. Representatives of these classes are U,(1),
U,(1), U,(1)U,(1), and U,(1)Ug(1). Here r = 2p, + 4p, + 3p; + 2p,, s = 2p, + 3p,
+2py+ pyp,a=p, +2p,+2p;+p,and B =2p, + 4p, + 2p; + p,.

(i) If U = (U,: y € A*), then U is a Sylow 2-subgroup of Fy(?2), |U| = 2% and
Z(U) = (U, U,) (with r, s as in (i)).

(iii) Cr,(U(1)) = Cr5(U(1)) is an extension of Ey X X, » by Sp(6, 2).

(iv) Each involution of F,(2) is centralized by a short and a long root SL(2, 2)-
subgroup.

(V) [Aut(F,(2)): F42)] = 2. All involutions of Aut(F,(2)) \ F,(2) are conjugate to
the graph automorphism 7. Also Cy (1) = *F(2).

PROOF. See Guterman [10] and Aschbacher-Seitz [1].

In dealing with F,(2) it is helpful to keep in mind that the graph automorphism 7
induces a symmetry between subgroups of F,(2) generated by short root involu-
tions and those generated by long root involutions.

3. Proof of Theorem A: fusion of b in C. In this section and for the remainder of
the paper, we shall assume that G satisfies the hypotheses of Theorem A. Thus G is
a group of characteristic 2-type which satisfies Hypothesis A with L isomorphic to
Sp(6, 2). In addition, 0,(G) = 1 and G = 0*(G).

With respect to notation given for Sp(¥) in §2,letn =3 and V' = V, LV, 1LV,
Then Cg,;( V) acts naturally as Sp(¥”) on V’. Hence we may set L = Cg,,(Vy)
and use the notation for L that it inherits as a subgroup of Sp(V)). Accordingly, let
B, = (by, b, by) = E3 so that N, (B)) = ((by, t;) X {by, t,)> X (b, t;>)K,, where
K, = KN L=23, Set B= (b, B,). The main result of this section is the follow-
ing.

PROPOSITION 3.1. Let X = Autg(B). Then {b)>° N &,(B) = {b)* and one of the
following occurs:

(1) <BY¥ = {{b), {by), {by), {b;>} and X is equal to the monomial group M on B
with respect to {b, b,, b,, bs}, or

(ii) X contains M, O5(X) = Qg * Qg and either

(@) X/ 0y(X) = 23 X 25, <bY* = (bYM U (bbb,b3 )M, or

(b) X/ 0x(X) = 23V Z,, (bYX = (bYM U (bb )M U (bbbyby )M,

We shall eventually show that G is isomorphic to Sp(8, 2) or to F(2) according
to whether (i) or (iia) of Proposition 3.1 holds respectively. When case (iib) holds,
we shall prove that G contains a subgroup isomorphic to Aut(F,(2)) and then
derive a contradiction to the assumption that G has characteristic 2-type.

The proof of Proposition 3.1 is presented in a sequence of lemmas. By (2.1), L
satisfies (i)—(iv) of Hypothesis I of [S], hence part of the fusion analysis of [§] can
be applied to the present situation.

(3.2) The following hold.

(i) C = 04(C) X {b) X L where 0;(C) has odd order and m, s(G) = m,;(C)
= 3.
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(i) b° N B = b~

(iii) 5° N B, # &.

PRrROOF. Parts (i) and (ii) are easy consequences of the arguments presented in [6,
(3.2), (3.3)] and [5, (4.17)]. To prove (iii), we first apply the remark at the end of the
proof of Proposition 1 of [5] to obtain b¢ N L # . Since B, contains representa-
tives of all the classes of elements of order 3 of L by (2.1i), it then follows from (ii)
that b* N B, # &.

It follows from (3.2iii) that b is strongly real in G. Since L admits no nontrivial
outer automorphisms, we may choose an involution ¢, € C(L) such that {b, ¢,) =
2;. To conform with the notation of [5], set b = b,. Also let F, = {t,, t,, t;) so that
N,(B;) = B,F,K, and choose the involutions f, so that K, permutes the set
{t;, 13, t3}. Thus F\K, acts as the monomial group on B, with respect to
{by, by, b3}, and O%(Cyp(ty)) = (o> X B F\K,. Since C (B)) = B,, it follows
from (3.2i) that C(B) has odd order. Hence Cy(ty) = {t,> X F,K,. As by N B, #
<, we may apply Proposition 5.1 [5] to establish the following,

(3.3) One of the following holds.

(i) Proposition 3.1 is true.

(ii) X contains a subgroup isomorphic to Z, X Z¢ with index at most 2. If A(8) is
the orbit of N,(B,) on &,(B) containing { 8, then either

(a) <bo)™ = A(bg) U A(b,by) U A(bob,b,b5), or

(b) <bo)* = A(bo) U A(by) U A(byby) U A(bob,by) U A(bob,bybs).

It is evident from the preceding result that Proposition 3.1 will be proved once
case (ii) of (3.3) has been eliminated. Before beginning this argument, we require
the following elementary result.

(3.4) Assume that a 7-group P acts on a #'-group Q with Q, = Cy(P). Then
Z(Qo) C Z(Ny(Z(Qp))- In particular, if Q, <I P, then Z(Q,) C Z(Q).

PRrOOF. It suffices to assume that Z(Q,) <IQ. Then [Q, Z(Qy), P] C[Qy P] =1,
so [[P, O], Z(Qy)] = 1 by the 3 subgroups lemma. Therefore Q = Q[ P, Q] central-
izes Z(Q,)-

At this point we assume that case (ii) of (3.3) occurs. Let T = O0,(C(#)). As G
has characteristic 2-type, L acts faithfully on 7. We shall eventually show that this
leads to a contradiction.

Evidently N,(B,) has 3 orbits on &,(B,) with representatives 4, = <{b,, b,),
A, = {b\b,, by) and A, = {(b,b,, b,b;>. Since |&6,(4,) N {(by>?| is distinct for i =
1, 2, 3, it follows that no two of 4,, A, and A, are conjugate in G. Furthermore, it
is easy to see that 4, =y 5 <(bo, b,b3). In fact, let (b,b))* = b, for x € N(B). Then
Cbo) CAF C B,i=1,2,3 As|5,(4) N (byf| = |6,(47) N {by)°| the possibili-
ties for A are easily determined from the information given in (a) or (b) of case
(i1). We thus have by inspection that

03 (C(A))) = Eg X 23 X Iy,

03 (C(4,)) = Ey x Sp(4,2),
and

03(C(4;)) = Z; X GU(2).
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As B, C C(ty), it is easy to find S; = 0,(C(4;) N C(ty)) from the above informa-
tion. Thus S, = {ty>, S, = Eg and S; = Q,. Note that C{4,) = S,, i = 1,2, 3, so
CHA,) = {t,y> and N, (B,) acts faithfully on all nontrivial N,(B,)-factors of
T/<ty).

We shall use the following lemma concerning the action of ;" 3, = N,(B,) on
2 groups to analyze the structure of 7.

(3.5) Let H = 231725 and let 4 = {a,, a,, a;) = O4(H). Also, let {a,, a,, a;} be
a basis for 4 on which H/A acts monomially. Suppose that H acts faithfully and
irreducibly on a vector space V over GF(2). Then V = (C, (A" for some
hyperplane 4, of 4 and dim V' = 6, 8, or 12. The dimensions of the fixed points of
the elements of 4 acting on V are given in the table below.

dim V dim Cy(a,) dim C,(a,a,) dim C,(a,a,a,) A,
6 4 2 0 {a,, ay)
8 0 4 2 {a,a,, aya;)
12 4 2 6 {a,, aya;)

Proor. By Clifford’s theorem ¥V is the direct sum of (nontrivial) irreducible
A-modules which are transitively permuted by H. Each nontrivial, irreducible
A-module has dimension 2 and is centralized by a hyperplane 4, of 4. It is not
difficult to verify that H has three orbits on &,(A4) with representatives {a,, a,),
{a,a,, aya;) and {a,, aya,). These orbits have lengths 3, 4, and 6 respectively and
thus correspond to modules ¥V of dimensions 6, 8, and 12. The entries in the table
follow by counting [{a) N &,(A4,)"| for appropriate a € A.

(3.6) Cr{Ay) = <to)-

PRrROOF. Assume the contrary. Then C;(A4,) = S, = E; implies that C(A4,) = S,.
Let T* be a chief L-section of T such that C+(4,) = E,.

We claim that Cr.(A4;) = 1. If the claim is false then Cp(A4;) = E, because
Cr(A4;) > S; = Q. In fact T* covers Cp(4,)/<{ty), i=1,2,3, so that T* =
T/{ty). We must have that C(4;) = S; = Qg, so that T is nonabelian. The
irreducible action of L on T* forces T' = {t,) = Z(T). Thus S, T and (3.4)
implies that S, < Z(T), a contradiction, establishing the claim.

By the claim and (3.5), we must have T* = E,. and Cp(b,b,) = E,. But b;b,
belongs to an SL(3, 2)-subgroup K of L because b,b, belongs to a short root
SL(2, 2)-subgroup of L by §2. The nontrivial K-sections of 7* have dimension 3 or
8 and b,b, has fixed points on all K-sections of T*. This contradicts the first
sentence of this paragraph.

As C(A4y) = CH(A)) = {15y and T # {t,), we must have C{(A4;) # {t,>. Thus
C;(A;) = Qg and T is nonabelian. It follows easily from (3.5) that N,(B)) acts
irreducibly on T'/{t,> and that |T/{t,>| = 2% This implies that T is extra-special
of type + so that N(T)/T<> O™*(8,?2). It follows from (3.4) and (3.5) that
Cr(bby) = Qg * Qg Hence Cg(,\(b1by) > Z3 X 23 X O *(4, 2). In particular, if S
is a 2-subgroup of C¢,(b,b,) satisfying [S, B)] = S, then S C T. Thus [S,, B|] C
T and S, = {ty) X [S,, B,] C T. But 4, centralizes S, = E,. This contradicts (3.6).
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We have shown that case (ii) of (3.3) does not occur. This completes the proof of
Proposition 3.1.

4. Proof of Theorem A: The Sp(8, 2) case. In this section we show that if case (i)
of Proposition 3.1 holds, then G is isomorphic to Sp(8, 2).

Setting b = b,, we have by assumption that N(B) acts as the monomial group on
B with respect to {bg, by, by, b3}. Therefore, we may set N(B) = O;(N(B))BFK
where F = (tp, t), ty, 1;> = E\q, K = =, BF = X3_b, t,>, and K permutes the
set {fo, 1}, 15, 1;}. Let S be the collection of proper subsets of {0, 1,2,3}.If 4 € S,
let B, =(b:i€ A), L, = 0¥(C(B,)) and F, = (t;: i € A). This is not to be
confused with the notation B, = <{b,, b,, b;) and F, = {¢,, t,, ;). Since K may be
viewed as the group of permutations of {0, 1, 2, 3}, it follows that for o € K,
B{=8B,,L;=L, and F; = F,,.

(4.1) The following hold.

() If4 € S, then L, = Sp(2|4|,2), BN L, =B, ,and FNL, = F,.

Gi)[L, L] =1ifi & A.

(iii) #; is a transvection of L, forj € 4.

ProOOF. To prove (i), if 0 € A4, then the result is an easy consequence of the
properties of L = 0%(C(b,)). Otherwise, choose ¢ € K such that 0 & As. Con-
jugating L,,, B,, and F,, by o~ then yields the result in this case as well.

In case (ii), choose ¢ € K so that ic = 0. Then [L,, L,,] = 1, hence conjugating
by 07! gives [L, L,] = 1.

Finally, (iii) is true if 0 &€ 4 and we may argue as in (i) and (ii) if 0 € 4.

(4.2) C(b,by) = 03(C(b1bY)Kb), by)<8)> X Ly3) where O3(C(b,by)) has odd
order and § is the transposition (1, 2) of K. Therefore, if T € U ,,(B;; 2), then
[Kby, by5, T] = 1.

PrOOF. Let T' = C(b,b,). Observe that § normalizes Ly, = O%(C((b,, b,))) =
Sp(4, 2) and centralizes {b,, b;>. Hence § centralizes Lg,. Evidently, N(<b,, b,))
= 03(C(Kby, b))Kby, b33<8) X Lgy). Also, my5(T') = m,5(G) =3 implies that
UL(B; 2) = {1}. Let T = T'/O3(T). Since Np(<{b,>) =Nr({b,, b,)), the first part
will be proved once we have shown that ¢b,> <T. This in turn will be accom-
plished by verifying that the hypotheses of Proposition 2 of [6] hold in T.

First observe that (b;, §) = =; and N({b,>) = Ox(Ne({b,)))(<by, 8> X Ly).
Secondly, <b,>F N &,(N§({b,>)) = <{b,>, for otherwise, we would have {b,, b,b,>
=g <{bby, B), for some B € B\ (b, b,>. But this is clearly impossible because
{b,, b,b,> contains two elements of {by>° N &,(B) = {<{by, (b)), (b, <b3)}.
Thirdly, Np((bg, byb,>) = O3(C(b))<bg, 1) X Cr(byby)) with Cp(b)by) =
{(by b3)<8) X (b3, t3). Hence

Ne((bo)) = Nr(Cbo, 1629) = O5(Cel(bo))(( 61> 8 ) X N5 ((bo)))-
Similarly for Ng(¢(b;)). Finally, U(B; 2) = {1} implies that Ux(B; 2) = {1} as
well. Therefore the hypotheses of Proposition 2 [6] hold and we have that (b, «T
as required.

The second statement follows directly from the first.
(4.3) C(ty) = TL where T = O5(C(ty)) = Ey and L acts as O«7, 2) on T.
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PROOF. Set T = 0,(C(t;,)). We consider the action of L and its subgroups on T.
As Cp(b\b)) € Uy p(By; 2), it follows from (4.2) that Ci(b,b) C CHb) N
Cy(by). Similarly Cp(b,b; ") C C(b)) N Cy(by). Thus the action of {b,, b,> on T
yields that T = C{(b;)C(b,).

By (4.1iii), , is a transvection of Lyy; = O%(C(b,)). Since C(b,) C 0(C,_ (1))
and Cy(b,) is normalized by {b,, b;> C C,_ (t), it follows from (2.1v) that Ci(b,)
= 0y(Cp,,(tp) = E,s. By the same reasoning, C1(b,) = E,s. From the structure of
Cp,,(to) = Cp(by)L,;3, we see that C(b,) N Cp(by) = Ey. Thus T = C(b,)Cr(by)
has order 2.

Since L acts irreducibly on T/<t,> either T = E,; or T is extra-special. The
latter is impossible as Cy(b,) = E,s. Hence T = E,.. Let X = C(ty)/ T. Then X acts
faithfully on T = T/{t,>. Since Cqb,) = Ex and N,(b,>) = N, ({b)>) =
{by, ;> X L,s, t, acts as a transvection on T. Thus L C {t¥) and () is an
irreducible subgroup of Aut( T) generated by transvections. By a result of
McLaughlin [12], either L = {t¥> or {t{> = Aut(T). The latter is incompatible
with the structure of N,({b,>) and we conclude that X = L. Therefore C(zy) =
TL.

It remains to verify that L acts as O(7, 2) on T. If not, then by (2.3), L acts
decomposably on 7 and hence ¢, & C(,)’. However 02'(C(b,) N C(ty) =
C(b))L,; and L,; acts indecomposably on C(b,). This contradicts ¢, & C(¢y)’ and
the result is proved.

The next result is an easy corollary to (4.3).

(4.4) 05(C(by) = 1.

PRrOOF. It follows from (4.3) that U, ,(<by, by, b3); 3') = {ON(C(#p)}. If o is the
transposition (0, 1) of K, then conjugating C(to) by o gives U (Do, by, b3>; 3) =
{0xC(1))}. As t, € L, O4(C(by)) centralizes both {¢,> and <{by, b,, b,>. Hence
03(C(bg)) T 05(C(1,)). But O5(C(by)) has odd order by (3.2i), so 0;3(C(by)) = 1.

Let Y = (C(ty), Ly, Our goal is to show that ¥ = Sp(8, 2). Using the notation
of §2,let V = V, LV, L V,LV,; where V, has as a basis the hyperbolic pair {e;, f;},
0 < i < 3. Recall that if 4 C {0, 1, 2, 3} then Sp(¥,) = Cs,(V,) acts naturally
on V,. Also, in terms of the Chevalley presentation of Sp(V), if &, = & N {w;:
i € A), then Sp(V,)) = (U(1): « € ®,). Denote the stabilizer of a vector v € V'*
by Sp(¥),. Then

Sp(V)s, = C( Uzwo(l)) = Oy(Sp(¥)5)SP(V123),

where O,(Sp(V);) = Ey and Sp(Vy3) acts as O4(7, 2) on Oy(Sp(V);).

By (4.3), there exists an isomorphism Sp(V'), — C(t;). This isomorphism may be
chosen so that Sp(V,) —» L, for 4 C {1, 2, 3}. In particular, (U.,,, ) = <b;, ),
1 <i < 3. We shall show that the homomorphism Sp(V), — C(f;) may be ex-
tended to a homomorphism Sp(¥V) — Y. This will be done in several stages. Denote
the map Sp(V), — C(t,) by x — %.

(4.5) Sp(V);, = C(1,) may be extended to a map Sp( V)5, U Sp(Vo1) U Sp(Vo) —
Y such that Sp(¥,,) —» Y is a homomorphism, i = 1, 2. Furthermore, Sp(¥V,,) —
Ly, i=1,2,and Sp(Vy) — L,
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ProOF. Observe that

LO] N C(’O) = <ﬁ2wo’ 0wotw|> : (0:2w|>

where Lo, N C(1) = Z, X 2y and Oy(Lgy N C(#)) = <U2w°(l) wo+w|(1)’
U2w°(l) wo—w,(1)7. Construct a graph T (resp. I) on the conjugates of U,, (1) in
Sp(Vo) (resp. conjugates of U,, (1) in Ly,) by connecting two involutions if they
generate a 2, subgroup. We then have the subgraph of I':
(@] O O— O——°
Uzu(1) U—2u(1) Uawg(1) Uz (1) Ung 40, (1) Uz (1) Uay(D)

These involutions together with the indicated relations provide a presentation of
Sp(Vor) = Z.

Now let 7 = tfe. Then (r, U2w () = Ly and {7, U2w (1)> commutes with
<U+2w|> = L,. Since Ly, = Z,, UZW ) =y, U2w (1) and we may identify the L,
conjugates of UZW»(I) with the transpositions of L. In particular, {Uzw (1),
U2w,( 1)Uwo+w (1), UZw (l)} isa maxxmal set of commutmg transpositions. It is easy
to see that <T, UZw (1)U2w MU, 4w (1)) =25 as (7, U2w (1)) = Z; and 7 com-
mutes with U2w (1). Therefore we have the subgraph of I':

O O - —O— —O —O

Uaw(1) T U2ig(D) U2, (1) U 4wy (1) U_2u(1) Uaw, (1)
It follows that the map Sp(¥y,);, = Lo; N C(#o) can be extended to an isomorphism
Sp(Vo1) = Ly, with U_,,, (1) — 7. Thus we have an extension of Sp(V), — C(¢,) to
Sp(V),, U Sp(Vo;) = C(#) U Ly, such that Sp(¥;,) — Ly, is an isomorphism. Simi-
larly, we may construct an extension Sp(¥), U Sp(Vp,) = C(fg) U Ly, such that
Sp(Vyy) = Ly, is an isomorphism which maps Sp(V,) to L, Replacing 7 by rbo if
necessary, we may assume that Sp(¥y,) = L, and Sp(¥,) — L, agree on Sp(Vy,)
N Sp(Vy,) = Sp(¥y). This completes the argument.

Denote the map given in (4.5) by x — x.

(4.6) Sp(V);, U Sp(Vo)) U Sp(V)) > H may be extended to a map ¢:
(U .evg SP(V).) U Sp(Vyy) U Sp(Vyy) — Y such that ¢|Sp(¥), is a homomorphism
foralle € V§.

PROOF. Set u = U,, (1)U_,,, (1) so that (u) = O4(Sp(¥))) acts regularly on Vi
Thus if e € V{, then for some i, 1 <i < 3, e = fyu' and Sp(V), = Sp(V)j,. Hence,

we can define a homomorphism Sp(V), - Y by x — (x/"’_\')‘;'. It suffices to show
that if e #f, then Sp(¥V), —» Y and Sp(V),— Y agree on Sp(V), N Sp(V), =
Sp(¥23)- But this follows immediately as u centralizes Sp(V',,;)-

As before, set ¢(x) = %. Recall from §2 that a fundamental system for ® is
{Po» P1» P2 3} Where py=2w, and p;=w, —w,_;, 1 <i<3. Let 4, =Pn
{pip;y and set 4 = U 4, 0 < i, j < 3. By (2.4), U,(1) fixes a vector of Ve for
each a € ®@. In particular, {U,(1): « € 4} C U ey SP(V),. Therefore ¢ is de-
fined on {U,(1): « € A} and we have the corresponding subset {Ua(l) a € A4} of
Y.

The next result is a direct application of Curtis’ theorem (see (2.5)).

(4.7) @ can be extended to a homomorphism Sp(¥') — Y provided (+) holds;

(*) [0,,(1), 0ﬂ(1)] = @([U,(1), Ug(1)]) where a and B are linearly independent
roots of ® which are linear combinations of the same two fundamental roots.
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Let {a, B} be a pair of independent roots in some A4;. If (U, (1), Up(l)) is
contained in one of the groups Sp(V),, e € V§, or Sp(Vy,), i = 1, 2, then evidently
condition (*) holds. In particular, U,(1), Ug(1)) C Sp(V), for some e € v if
{a, B} C A; with 4; one of Ay, Ay, A;; Or Ay;. For example, suppose {a, 8} C
Ay = {£po £P,} = {£2wy, =(w, — w))}. Without loss, assume that « involves
Po and B involves p, so that a = * py and B = = p,. But then U, (1) = U.,, (1)
fixes a vector e € ¥} whereas Ug(1) = U.(,—wy(1) centralizes ¥, and so
CUL(1), Ug(1)) C Sp(¥),. A similar argument may be used for the cases 43, 4,; or
A,;. On the other hand, Sp(V,,) = <U,(1): a € A,,>. Hence, we restrict our
attention to the case where

{a,B) C Ay = (£p1, £py £ (2, + p)))
={= (w; = wp), £ (wy — w)), £ (wy — wo)}.
It is clear that (U, (1), Ug(1)) fixes some vector of V§ unless {a, B} is one of the
pairs {—p,, p; + P2} = {Wo — wi, w, — W} of {py, —py — P2} = {W; — W, Wp —
w,}. In order to prove that () holds in these cases as well, we require some
addltlonal analy51s.

438) U, (1) w,_w,(l) #6 Uy, _ (D).

PROOF. Since Uzw mdu,, _W(l) € Lj, = Ag and C({bgy, b3)) = {by, b3> X L,,, it
follows that <b0, by> is self-centralizing in a Sylow 3-subgroup of
C(D50, (D0, (1)) But {(boy, <by>} = <bo)° N 6,(Cbgy byY) by Proposition
3.1(i), hence (bg, by) is a Sylow 3-subgroup of C( Uzw 1) w._w(l)) On the other
hand c0, w(D) 2 Cp, (U (D) X <b2, by =2, X 2, X E;. Hence
Cc(U, _w!(l)) contams an E3a-subgroup andso U, _, (1) #¢ U, _, (1)

(4 9) CLou( U2w <U2w| wytwy Uw,zw1>L02

PROOF. We first claim that Ly, centralizes U2w To prove this, observe that
Ly, = o(Sp(Vop) = ¢(KU,: a € @ N wy, W2>>) If a €®n {wgwy, then
[U,, Uy, ] = 1. Also, U, C Sp(¥V), for some e € V§ and U,,,, centralizes V, implies
that <U,, U,,, > C Sp( V).. Hence ¢ is defined on {U,, U,,, > and it follows that
0, centrahzcs (O a €® N {wg wy)) = L,

Let a € Ap,. Then U, and U, ,,,, centralize a common vector e € V0 so that ¢
is defined on <U,, U, ,.,, > Hence we have that [ Uﬂw > mw] 1=
[U2w,’ w.+w] Also [U 2w Uiy ew] C© U2w U

wy—w, Thus <U*2wo’ 22w, = 23 X
=, normalizes <U2w , w|+w> Since C,_o (Uzw,) = OZ(C,_m(Uz,,l))L02 and Ly, has
2-local 3 rank 1, it then follows that <U2w , W;*Wz> c Oz(sz( U2w )) Similarly
<U+2w , U+2w > normalizes <U2w, le,w > and so <U2w , l{wlt%) Cc
OZ(C,_m( UZW )) as well. Therefore <U2,, , lezw2> 02(CL0.1(U2w,)) prov-
ing the result.

The importance of (4.9) is that one of the rmssmg relations [ - (1), WO_WZ(I)]
may be found within the subgroup C, (U2w|) Set § = Oz(CLo.,(Uzw.)) Now L,
contams the subgroup <U+(w,,+w,)> X <U+(wo w:)) = 2, X 3;. As
Os(( U uywp)) #1 05U 3}, it follows that Cy(O3< U quymwyd)) = Uy
This in turn implies that Cg( U +worwy) = Eg. By checkmg to see that ? is defined on
the appropriate subgroups, we have Cg( U S <U2w, s Um_w:) Since

~Wel
(U*(W —wy» Centralizes U we may set Cy(U_,, o—wp) = Uaw, X S where

wiEwy

—wo—wy?
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=[Cci(U_, = w2 <U+(w°_w2)>] From |Cso(U_W°+w)| 2, we deduce that S, is
gcnerated by an orbit of length 2 of U_w o+w, acting on Cs(U-wo-w) Hence
= U, —wp w.—w > or U, _,. U2w 0)) w|_w(l)> In the latter case, we have
wl_%(l) = U2w -wiD agamst 4. 7) Thus So = U, R Awl e >. As
Cs(Upo-wp = le_wz U o—w (1) 1nterchanges wD) with U, _, (DU, _, (1)
and we have [U,, _,, (1), wl_w(l)] = U, _. 1. ThlS shows that (») of (4.7) holds

Finally, let y be an element of the Weyl group of Sp(¥V) which mterchanges w,
with w, and centralizes <w0, wy). As Y € Sp(V)23), 7 is defined and U,,-w(1) =
[0, Uy OF = [y (s Uy =[O (1), T, (D] 25 re-
quired.

We have shown that (*) of (4.7) holds in all cases. Hence ¢ may be extended to a
homomorphism ¢: Sp(¥V) — Y. As ¢(Sp(Vo12) = Lo, and Y = (C(¢y), Lg;,D, ¢ is
onto. Therefore ¢ is an isomorphism by the simplicity of Sp(¥’). Noting that
®(Sp(¥))) = L, 0 < i < 3, we may summarize our results as follows.

(4.10) There exists an isomorphism ¢: Sp(¥)— Y such that ¢(Sp(V,)) = L
AES.

In order to complete the proof of Theorem A, we must show that Y = G. The
argument is the same as in [6] and employs Holt’s theorem [2] with respect to the
action of G on the set Q of left cosets of Y. In order to apply Holt’s theorem, we
must verify that ¢, is central in a Sylow 2-subgroup of G. Let S be a Sylow
2-subgroup of C(fy). Then an easy calculation yields Z(S) = (¢, s) where 7, #y s
F#y toes #y to. Thus if t§ N Y = ¢ then not only does S € Syl,(G), but ¢, fixes
precisely one point of § as well. Hence the hypotheses of Holt’s theorem apply and
we must then have G = Y. Before proving that t N Y =1, we require the
following elementary result.

(4.11) Let B be an element of order 3 of Y. Then 8¢ N Y = gY.

PROOF. Proposition 3.1(i) and (4.4) yield N(B) = N,(B). Since B is the unique
Ej-subgroup of N(B) by [5, (2.7)], it follows that N(B) contains a Sylow 3-sub-
group P of G and B = J(P). Hence N(B) controls fusion in B. But every element
of order 3 of Y is conjugate in Y to an element of B by (2.1i) and the result follows
directly.

@12)tfny=4.

PROOF. Suppose there exists 7 € I(Y) such that 7 =; ¢, but 7 #y ¢,. By (2.1v),
Cy(1) contains a Y-conjugate 8 of b, or b,b,, so assume without loss that
B € (b, byby}. Let 78 = 1), g € Gy, Then B5 € C(#y), hence by (4.3), B% €, L.
Since (4.11) implies that 8% =, B, there exists g, € L such that 8% = 8. In
particular, 7 =g, t. But for 8 = b, or b\b,, we see from (4.2) that C(B8) =
03(C(B))Cy(B) where O (C( B)) has odd order and this leads to a contradiction.

As noted earlier, we may now apply Holt’s theorem to obtain G = Y and the
proof of Theorem A in this case is completed.

5. Proof of Theorem A: The F,(2) case. We assume henceforth that case (ii) of
Proposition 3.1 holds. In this section we derive results (5.7), (5.8) and (5.9) which
are used in the construction of F,(2) in §6. Recall from Proposition 3.1 that
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X = N(B)/C(B) contains the monomial group M with respect to the basis
{Bo b, by, bs).

(5.1) N(B) controls fusion in B.

The fusion patterns corresponding to cases (iia) and (iib) of Proposition 3.1 are as
follows:

(@) b = b U (bob,byb3)™, (boby)* = (bob )™, (b,byb)* = (b,b,b,)™;

(b) b3 = bg" U (bob)™ U (bob b;05)™, (b1byb3)* = (bybyby).

Furthermore the group X occurring in case (a) is a subgroup of the group X
occurring in case (b).

ProOF. We know that X is an extension of Qg * Qg by Z; X Z; or 2,1 Z, in
cases (a) or (b) respectively. Since the orbits of X acting on B are unions of the
orbits of M, it follows easily that the orbits of X are as described.

In order to prove that N(B) controls fusion in B, it suffices to show that if
P € Syl;(N(B)), then B = J(P). Suppose in fact that B # B* C P with B* = E;4.
It is clear that B is the unique E;4-subgroup of P N C(by), so we have B* ¢ C(b,).
Thus b, & B*. In fact, by® N B* = . Assume that [B: B* N B] = 3. Then
B* N (by, bbby #+ 1, so bb,b; € B*. A similar argument shows that
(bobybs, b2b,by> C B*. Thus by = (b,b,b5)(bob,bs)(bib,by) € B*, a contradiction.
Since |B* N B| < 9, B* covers P/ B. Hence we may assume, without loss, that B*
contains an element 8 which cyclically permutes {b,, b,, b;} and centralizes b,
Then |[Cp(B) =9 and by € Cx(B), so B* N B C Cyx(B) and |B*N B| =3, a
contradiction. This shows that B = J(P) as required.

The last statement follows from remarks made in [5, §5].

Both fusion patterns have the convenient property that B contains a subgroup
A, = {by, b,byby> = E; such that every Eg-subgroup of 4, contains an element of
b¥. Taking s, € Inv(C(4,)), the usual generational arguments and the assumption
that O,(C(sp)) = F*(C(s,)) then allow us to construct O,(C(sy)) in (5.5) and (5.6).
From this, we find the chief factors of C(s,) and show that C(b,b3) = C(b,) in (5.7)
(of course in case (b), we already have C(b,b3) = C(by)). In (5.8), we use (5.7) to
determine O,(C(#,)) and find a chief series for C(¢;). (Here, as before, ¢, inverts b,
and centralizes L.) Finally, in (5.9), we produce an SL(3, 2)-subgroup R of L with
b,b3 € R such that C(R) = SL(3, 2).

We shall use the following notation in this section. A, = {bg, b,, b,b;> and sy is a
fixed involution in C(4,) which inverts b,b3. Note that s, is a short root involution
of L regarded as C5(2).

In order to analyze C(s,), we need to obtain information about N(4 ).

(5.2) N(A4,) = {byb3, s;> X H where H = C({b,b%, 54>) N N(A,). Auty(4,) acts
as the monomial group (on A,) with respect to the basis {byb,, bob?, b,b,}. In
particular, every hyperplane of 4, contains an H-conjugate of (b,).

Proor. It follows from (3.2) that C(4,) = 0;(C) X A, X {b,b3, 5,>. Thus
(b,b, 50> = 0%(C(4))) is normal in N(4,). An easy argument shows that N(4,)
= (b,b3, 5,> X H with H as described. Since Aut(B) contains a unique involution,
namely the image of s,, that inverts b,b? and centralizes a hyperplane of B, we now
have that N(4,) = N({b,b3>) N N(B).
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If fusion pattern (b) occurs, then by the last statement in (5.1) we can choose
T € N(B) such that bj = b,b? and 7 interchanges (bo>™ U (bob,b,b;> with
(byb,>M. Then B] = A, by the previous paragraph and, since {<b,), {b,), <b;>}"
= (bob DM N &,(A)) = {{bob,), {bob?), {byby>}, the action of Auty(4,) on 4,
must be as described.

Assume now that fusion pattern (a) occurs. Then {(byb,>° N &,(4,) = {<beb,>,
(bgb?>, {b,b;>} and N(A,) must act on this set. Using the monomial action of
N(B) on the basis {by, b, by, b5}, it is easy to find a subgroup K = {byh,, 5,> X
(bybs, 5,5 X (bob?, 55> of N(A;)) N C((byb, so>) with K =33 X Z; X Z;. As
N(B) N N({b,b?>) = N(A,) has index 12 in N(B) and |Aut(B)| = 27- 3%, we have
that K- C(4,) has index 6 in N(4,). It follows that Aut,(A4,) acts monomially on
the basis {b,b,, bobi, b,b;}.

The last statement follows easily from the observation that b = (byb,) - bob? and
inspection of the Ey-subgroups of a group {a,, a,, a;> = E,,.

We now derive two short results before attacking the structure of O,(C(s)).

(5.3) 05(C(bg)) = 1. Thus C(by) = <by» X L and H = 2, Z,.

PROOF. Set Z = 04(C(by)). Then Z has odd order by (3.2i). Since O;(H) =1
for every 3-local subgroup H of L, it follows that Z = O,(C(B)) and that
Z = 0,(C() for every I < B that contains a conjugate of b, In particular,
Z = 0,(C()) for all hyperplanes I of 4,. As Z C C(so), this implies that Z
centralizes (C(I) N Oy(C(sp)): T € &,(4,)) = O,((C(so)))- Thus Z = 1 because G
has characteristic 2-type. We now have that C(4,) = A,{b,b?, 5,>, so that H/ A4,
acts faithfully on 4,. It follows that H = 2,7\ Z,.

(5.4) Set J = 03(C({b,, by)>)). Then J = Sp(4, 2), J centralizes s, and <by, b,> C
J.

PROOF. By (5.3), we have C({by, b,)) = <{by) X C.(b,) = {bg, b;> X J*, where
J* = 0*(C({by, b,>)) = Sp(4, 2) and <b,, b,> C J*. Since M C Auty(B), there
exists « € N(B) such that a interchanges {by, b, with {b,, b;>. Setting J = (J*)*,
we have that (by, b,> CJ and J = O}C(b,, b;))) = Sp@4, 2). As s, €
N(by, bs)), s, acts on J. But s, centralizes (by, b,) and from the structure of
Aut(Sp(4, 2)) = PTL(2, 9), it follows that s, centralizes J.

(5.5) Let S = 0,(C(sy))- Then S = S, X S, where S, = Exand S, = X

ProOOF. Let Ty = (b, b;>, T’ = {(by, bybyb;), and T, = {by, byb;>. Then (I';:
i =0, 1,2} is a set of representatives of H-orbits on &,(4,). We can compute the
centralizer of each I'; as follows:

C(To) = <bo) % Cy(b,) = Ey X Sp(4, 2),
C(T)) = {byy X Cp(bbbs) = Z; X GU(3,2),
C(Ty) = (bop X Cp(bby) = Eg X Zy X 2.

Since {b,, b,b;> < C,(sy), we can compute T; = O,(C(sg) N C(T;)), i=10,1, 2.
We have T, = E;, while T, = Qg and T, = {so). It is clear that Cs(T') < T},
i=0,1,2. Thus Cg(4,) = {s,)> and H acts faithfully on all nontrivial H-sections
of §/{sy>. By (3.5), the irreducible H-sections of S/{s,> have orders either 2° or

2% and there is at most one section of each order. We argue that H does not act
irreducibly on S/ {sq).
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Suppose first that S/{s,> has order 2% Then C(sy)/S embeds into GL(6, 2).
Setting S = S/{s,), we have Cg(bi 'b,b,b;) = Cg(b,) = E, and Cg(b,b,b,) = 1 by
(52) and (3.5). But Cc,,,5({bo, b b,b3)) contains an A,-subgroup. On the other
hand, every Eg-subgroup of GL(6, 2) whose centralizer contains an A,-subgroup
must contain an element with 4-dimensional fixed point subspace in the natural
representation, a contradiction.

Now suppose that S/{s,> has order 28, Then T, < S and § is nonabelian. The
irreducible action of H on S/{sy) forces S to be extra-special of type +. We can
thus embed C(sy)/ S into O *(8, 2). By (5.2) and (3.5) we have Cg(by) = Cg(b)) =
X534 and Cg(bgh,) = Cg(byb?) = (so>. By the structure of O*(8, 2), it follows that
Ceisyys(Kbo, by)) is a 3-group. But Cc,,,5({by, b;>) contains an A,-subgroup of
(C(sg) N C(Kby, b))/ sy, a contradiction.

Thus S has order 2'° and contains an H-invariant subgroup S* < S such that H
acts irreducibly on §*/{s,>. By (3.5), either |S*/{so>| = 2% or |S*/{(so>| = 2% In
the former case, S* = (Cs(T)”> and S = §*(Cx(T' )" ) while in the latter case,
S* = (Cs(T)?) and S = S*{Cx(T)”). Since S is nilpotent, we have [S, $*] <
{sy). Letting I' be H-conjugate to I'y and A be H-conjugate to I, either Cy(T') <
S* or Cg(A) < S*. In either case [Cg(A), Cs(I)] < (59> < Cg(I). Thus Cg(A)
centralizes Cg(T) by (3.4). It follows that {Cg(Tp)”> centralizes (Cg(I'))”> and so
S = §* - Cy(S*). If |S*| =27, then S* = (C4(T,)") is abelian by (3.4), and
S* < Z(S). In fact S* = Z(S) because C4(T'}) < S is nonabelian. If |S*| = 2°,
then Cy(T,) < S* is nonabelian, so {s,> = Z(S*) and Cy(S*) has order 2’. As
Cg(S*) is clearly H-invariant, we can replace S* by Cg(S*) in this case and
conclude that Z(S) has order 27 in any case.

This also shows that S/{s,) is abelian, so every subgroup of S containing s, is
normal in S. In particular, Q; = C4(T',) <IS. Hence, S, = (Cs(T' ¥ is normal in
S and S, = X;3. Setting S, = [Z(S), 4,], we have Sy = E, 5o € S, and S, < S.
Thus SoN S, =1and S = §, X S,.

Before tackling the structure of C(s;), we need another technical lemma.

(5.6) C(sg) N C(bybs) = Cg(byby) - J - {byby)> where Cg(b,b;) = E,s and J =
03(C({by, by))) = Sp(4, 2) (as in (5.4)). Furthermore, C(Z(S)) = S

PrOOF. By (5.2) and (3.5), b,b; acts fixed point free on S/ Z(S) and Cys\(b,b3)
= Ezs.

Set D = C(sy) N C(byb;) and D = D/D N S. As 05(C(sy) N CT)) is a 2-
group for i = 0, 1, 2, we must have S = 0;(C(sg)). Also, 4, € Syl,(C(by) N C(s¢))
and 4; N C(Z(S)) = | together imply that |C(by) N C(Z(S))|; = 1. Thus C(Z(S))
C 03(C(sg)) = S which proves that C(Z(S)) = S. As an immediate consequence,
we have that D acts faithfully on both Z(S) and Z(S)/<sy) = Ey. Since byb,
centralizes an E ¢-subgroup of Z(S)/{s,>, we may embed D in C Aui(s/(soo)(D2b3) =
Z, X GL(4,2). We know from (5.4) that <{b,b;> X J C D, hence D contains a
Z, X Sp(4, 2)-subgroup. As Sp(4 2) is a maximal subgroup of GL(4, 2), we may
verify that <b2b3> x J covers D by ehmmatmg the possibly D = Zy X GL4,2).In
this case, D contains a subgroup T'x Kwith T = E, and K = SL(2, 4). Because
A, € Syly(C(sy) N C(b,b,)), we may assume, without loss, that 4, contains an
E9-subgroup I’ which maps onto I'. Then I contains a C(sg) N N(A4,) conjugate of
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by which forces C(sy) N C(by) to have order divisible by 5. But C(by) = <{b,> X L
by (5.3) and s, is a short root involution of L = C5(2) yields |C(sg) N C(by)| =
3|CL(so)| = 2°3°. This leads to a contradiction and the argument is completed.

We are now ready to prove the major result of this section.

(5.7) C({b,b3, 5,>) contains a subgroup M isomorphic to Sp(6, 2) such that

(a) C(s9) = SM and

(b) C(b,53) = <bb3) X M.

PROOF. Recall from (5.2) that N(A4,) = {b,b3, s,> X H with A, C H. Let M =
{J, H). We will show that M has the desired properties. Setting Z = Z(S) and
Z = Z/{sy), it follows that M acts on Z with C,(Z) = M N S C O,(M) by
(5.6). But B C N(M) and m,3(G) = 3 by (3.2). Therefore O,(M) = 1 and M acts
faithfully on Z. In fact, M acts irreducibly on Z since H does.

Let Z, = [Z, byb,] and Z, = C,(b,b;). Then J C C(b,b;) implies that J acts on
Z, and Z,. By (5.6), Z, = E, and Z, = E,,. As {b,b,) acts irreducibly on Z,, J
centralizes Z, Furthermore, J is generated by a class { of involutions which act as
transvections on Z,. Thus the elements of @ act as transvections on Z. Let
M* = (QM> so that M* <M and J C M*. Since J acts irreducibly on Z,, a
dimension argument shows that Z has precisely one M*-invariant subspace of
dimension at least 4. But this subspace must then be invariant under M, hence M*
acts irreducibly on Z. By a theorem of McLaughlin [12], M* is isomorphic to
GL(6, 2), Sp(6, 2) or O *(6, 2). Since all these subgroups of Aut(Z_ ) are self-normal-
izing, we have M* = M. Also C,,(b,b;) = (bb;> X J by (5.6). It then follows
from inspection that M = Sp(6, 2).

We now show that M covers C(so) = C(s9)/S. As Cg o(Z) = S by (5.6), it
follows that C(so) = Autc(, o)(Z) An elementary consequence of McLaughlin’s
theorem [12] is that M is maximal in Aut(Z). Thus it suffices to eliminate the case
where C(so) = Aut(Z ). But this may be done, as in the previous paragraph, by
observing that Cepro )(bzba) = GM(b2b3) = Z, X Sp(4, 2) is incompatible with C(sy)
= Aut(Z).

Finally, we must prove that C(b,b%) = (b,b3> X M. Set C, = C(b,b?) and

= (b,b3> X M. If bo c b,b3, then C(bg) = C,, hence C, = C¥. Thus we may
assume that by #¢ b,b? in which case fusion pattern (a) occurs. Let t; be an
involution of N(B) which inverts b; and centralizes (b, b, b,> and let s* = sg.
Conjugating C(so) N C(bybs) = (bybs> X Cs(byb3)J by ty yields C(s*) N C(b,b)
= Z; X ESp(4, 2). Moreover, s* inverts b,b; and centralizes A{* = (b, b,, b,b3
implies that s* € C(b,b3) N N(A4,) = {b,b?)> X H by (5.2). Hence s* € H C M
and we conclude that s* is a transvection of M with Cc (5*) = Cey(s®).

We claim that (s*)' n CF = (s*)T. To prove this, we first observe that
Cc,(boby) = Ccy(boby). In fact, bob, = p, byby and Cc (byb3) = Cy(bo). Now every
involution of M centralizes a conjugate of b, or of byb, by (2.1iv) (in the case at
hand, b, and byb, have their roles reversed). Let 7 be an involution of C} so that
T € M and assume that r* = s* for some x € C,. Without loss, we may assume
that 7 centralizes 8 with 8 € (b, bob,}. Since B is inverted in C, (1) (see [1]),
B € 0O%(Cy(7)), hence B* € O*(C, (s*)) = Cp(s*). Furthermore, (b, b,> €
Syl;(Cy,(s*)), thus we may replace B* by a suitable C,,(s*) conjugate if necessary
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to insure that 8* € {b,, b, ). In fact, as case (a) holds and (b, b, is contained in
a Sp(4, 2)-subgroup of Cy(s*), we may choose 8* = B. But then x € C.(B) =
Cci(B)andsot =, s* as claimed.

Now let §* € Syl,(Cc,(s*)). Then S* € Syl,(C}), Z(S*) = E, and s*S1 N Z(S*)
= {s*} by the claim and an easy calculation. In particular, we have that $* €
SyL(C)). Settmg Cl— C,/ 05(C)Xbyb;>, we may apply Holt’s theorem [11] to
conclude that M = Cl Thus C; = 03(C,)({b,b?) X M). It remains for us to
prove that 0,(C;) = 1. But every hyperplane of 4, that contains {b,) acts fixed
point free on O;(C,) by (5.3). Since 4, < H < M, the last statement of (5.2)
implies that O4(C,) = 1. This completes the proof of part (b).

We now analyze the structure of C(¢,).

(5.8) C(t)) = TL where T = Oy(C(tp)) = Ty X T}, Ty = Eand T} = X

ProOF. First recall that N(<by)) = <{by, t;) X L. This implies that <{by, f,>
centralizes b,b? and normalizes 4,, hence (b, t,> C M by (5.2). Also, Cp({bg, 1))
= I, X I, so that (b, t,» is a short root SL(2, 2)-subgroup of M considered as
C5(2). Beginning in (5.2) and culminating in (5.7), we analyzed the structure of
C(b,b?) and C(s,) assuming only that (by, C(b,), L) satisfies the hypotheses of
Theorem A, that Aut,(B) is as described in Proposition 3.1(ii) and that (byb2, 50>
is a short root SL,(2)-subgroup of L. By (5.7b), (b,b3, C(bzbg), M) satisfies the
hypotheses of Theorem A with B having the same role as before. Since (b, #,) is a
short root SL(2, 2)-subgroup of M, we may then argue by symmetry to conclude
that the analogue of (5.7a) holds for the structure of C(¢y). Thus C(#) = TL with T
as described by (5.5).

The final result of this section is crucial for our construction of Fy(2).

(5.9) Let R be an SL(3, 2)-subgroup of L which contains {b,b3, so>. Then
C(R) = SL(3, 2).

PROOF. As (b,b3, s, is a short root SL(2, 2)-subgroup of L regarded as C5(2),
there do exist SL(3, 2)-subgroups which contain {b,b2, 5,>. Suppose that R is one
such subgroup. Let {(y)> be a Sylow 7-subgroup of R normalized by (b,b3>. By
properties of Sp(6,2), C.(yv) =<¥), so C,(R)=1 and C(R) N N(Kby)) =
by, to>- We consider the action of y on T = 0,(C(fy)) and set V' = Cy(y). Since
Z(T) = E,» by (5.8) and L acts naturally on Z(T)/<{t,) by 2.2), V n Z(T) =
{to>- By (5.8) and Maschke’s theorem, T/<{t,> = Z(T)/{ty> X E/{ty> where E is
{y)-invariant. Evidently T = Z(T) * E with Z(T) N E = {t,), hence E = X, . It
then follows from (3.4) that ¥V = Cg(y) is extra-special and since y acts faithfully
on E, we have V = D,

Now b,b? must centralize ¥, so ¥ C 0% C(b,b2) C C(so) by (5.7). This yields
R = {y, byb?, 55> C C(V). Thus t, € C(R)'. As t, inverts {by> C C(R), it follows
easily from a result of Feit-Thompson [3] that C(R) = SL(3, 2).

6. Proof of Theorem A: The F,(2) case continued. In this section, we continue
with our analysis of case (ii) of Proposition 3.1. Our first goal is to use the results of
§5 to construct a subgroup of G isomorphic to F(2).

(6.1) G contains a subgroup Y = F,(2) with the following properties:

@) Y = {C(by), C(5,53)>.
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(i) Y = {C(tp), C(s0)?»

(iii) 5o and ¢, are root involutions.of Y of different lengths.

PROOF. We shall construct Y by applying (2.9). In §2 we constructed a root
system A of type F,(2) with fundamental system { p,, p,, p;, p,} as indicated by the
following diagram:

O—O0—0—0

/4 p2 P3 Pa

Associated with the fundamental roots are root SL(2, 2)-subgroups (U, ,>, 1 <i
< 4. Here (U., is a short root SL(2, 2)-subgroup, i = 1, 2, whereas (U, ) is a
long root SL(2, 2)-subgroup for i = 3, 4.

Set Ky = (by, ty>, Ky = <{b,, t,> and K, = {b,b2, 54>. Recall that ¢, is an involu-
tion of N, (B) which inverts b, and centralizes {by, b,, b;>. We now identify L with
B,(2) so that K, is a short root SL(2, 2)-subgroup and X, is a long root SL(2, 2)-
subgroup. Let 7,: L — F,(2) be a monomorphism with #y(L) = <U +p 2<j<
4. We may choose 7, such that 7,(K,) = (U.,, >. Since K, is the unique short
root SL(2, 2)-subgroup of L which centralizes K, by (2.8), it follows that 7,(K,) =
Usp,»- Set Ky = w{'((U:h)). Then <{K;, K,) is an SL(3, 2)-subgroup of L
which contains K, = {(b,b3, 5,>, hence by (5.9), C((K,K,>) = SL(3,2). If we
regard M as C4(2), we then have that C((Kj, K,)) is an SL(3, 2)-subgroup of M
which contains the short root SL(2, 2)-subgroup K,,.

We know from (2.7ii) that all SL(3, 2)-subgroups of M which contain a root
SL(2, 2)-subgroup are conjugate. Furthermore, as was shown in (2.7ii), M contains
an A;(2)-subgroup whose root SL(2, 2)-subgroups are short root SL(2, 2)-sub-
groups of M. Thus there exist short root SL(2, 2)-subgroups K, and K¥ of M such
that (Ko, K, K3) = A45Q2), <Ky, K,> = C(KK;, Ky») and {K,, K, K3} is an 4,(2)
generating system of type A; for (K, K, K¥)> (see [5, §6]). In particular, this
implies that [Kj, K3] = 1 and also that there exists an isomorphism =,: {(K,, K3 )
= (U,,, Us,,» with m(K)) = (U., > and 7((K3) = (U, >. Since K3 is a short
root SL(2, 2)-subgroup of M which commutes with K, it follows from (2.8) that
K, = K}. Now set Y = (K|, K,, K5, K,>. The previous discussion shows that Y
satisfies the hypotheses of (2.9). Thus there exists an epimorphism 7: Y — F,(2)
with m(K;) = (U, >, 1 <i < 4, and ker(7) C Z(Y). But Cy(bb3) = (bb3y X M
= C(b,b?) by (5.7), hence ker(7) = 1 and = is an isomorphism.

Evidently, = identifies ¢, and s, as being root involutions of different lengths.
Applying (5.7) and (5.9) in conjunction with (2.10) yields Cy(z,) = C(,) and
Cy(so) = C(so). Since these groups are distinct maximal parabolic subgroups, we
have Y = (C(ty), C(sp)). Finally, L C C(t,), hence C(by) = <by> X L C Y. An
easy argument then gives Y = {C(b,), C(b,b3?)> and so all parts are now proved.

(6.2) Fusion pattern (b) of Proposition 3.1(ii) does not occur. Also, N(B) C Y.

PrROOF. Assume the contrary. We claim that N(B) C N(Y). First note that
B C Y by (6.1i). Furthermore, Auty(B) = N,(B)/ B has order at least 27 - 3%, This
follows from the existence of a subgroup of F,(2) isomorphic to C,(2) (which yields
a monomial subgroup of Aut,(B)) and the fact that F,(2) has Sylow 3-subgroups of
order 3% Since Autg(B) has order 28- 3? by assumption that case (b) holds and
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by #v b,b? (otherwise s, and ¢, would be conjugate in Y against (6.1iii)), we have
that [N(B): Ny(B)] = 2. In addition, it is easy to see that the orbits of N,(B) on B
are those given in case (a) of Proposition 3.1(iii). Hence b ® y (b,b2)"®) =
by'®. This implies that Y = {(C(B): B € by"®) by (6.1i) and so N(B) normalizes
Y as claimed. An immediate consequence of this discussion is that (Y, N(B)) is a
subgroup of N(Y) properly containing Y. As C(Y) = 1 by (6.1i), we then have that
N(Y) = (Y, 7> where 7 is an involution which acts as the graph automorphism on
Y.

Let U be a {(r)-invariant Sylow 2-subgroup of Y. We argue that U is weakly
closed in U{r) with respect to G. By (2.10ii), U is generated by t& n U and
s¢ N U. Also by (2.10v), every involution in U{r) \ U is conjugate in (Y, ) to 7,
hence has centralizer with order divisible by 13. But C(s,) and C(¢,) have central-
izers with orders prime to 13, hence U = {tf n U{t), s§ N U{r)) is weakly
closed in U{r) with respect to G.

We now show that U{r) is a Sylow 2-subgroup of G. Since C(¢y) C Y and C(t,)
contains a Sylow 2-subgroup of Y, we must have C(Z(U)) C C(#}) C Y for some
y € Y. In particular, U € SyL,(C(Z(U))). Also, |Z(U)| =4 by (2.10ii), so
|Autg(Z(U))|, < 2. As 7 acts nontrivially on Z(U), it then follows that U{r) €
SyL(N(Z(U))). But U is weakly closed in U{r) with respect to G implies that
N(U{r)) € N(Z(U)). Thus U{r) € Syl,(N(U{7))) and we conclude that U{r)
€ Syl,(G).

We compute C(7). By the assumption that G has characteristic 2-type, Cy(7)
= 2F,(2) acts faithfully on P = O,(C(r)). Since 13| |’F,(2)|, 2'* < |P/{rD|, hence
213 < |P|. But PF,(2)|, = 2" and |F,(2)|, = 2**. Thus |G|, = 2*> by the previous
paragraph, so |P| =2" and PC,(7) contains a Sylow 2-subgroup of G. Let
V € Syly(Cy(7)). It is known [15] that Q,(V) C V, thus ©,(PV) C PV. On the
other hand PV =, U{r) and it follows from (2.10ii) that Q,(U{r>) = U{r). This
leads to a contradiction and the argument that case (b) does not hold is completed.

Finally, we note that N(B) C N(Y) =Y.

We can now complete the proof of Theorem A.

(6.3) Y = G, s0 G = F,(2).

PROOF. Assume that Y is a proper subgroup. We shall apply Holt’s theorem to
the action of G on the set © of left cosets of Y in G. In order to do so, we must, as
in §4, verify that ¢, fixes one point of £ and that C(#,) contains a Sylow 2-subgroup
of G.

We first show that 1 N Y = 7. Suppose that 7 is an involution of Y such that
to = 1% g € G, but 7 #y ;. By (2.10iv), Cy(7) contains a Y-conjugate of b,, so
assume, without loss, that b, € Cy(r). Then b§ € C(¢,). Since L contains a Sylow
3-subgroup of C(f,) = Cy(ty) and b® N L = b} by (5.1) and (6.2), there exists
»y € C(4) such that b® = b,. Thus 7& = ¢, and gy € C(b,). But C(b)) C Y as
N(B) C Y and so 7 € t{ against the choice of 7.

Assume now that U € Syl,(C(#)). By (2.10ii), ¢y N U = {t,}, hence by the
preceding paragraph, {t,> is strongly closed in Z(U) with respect to G. Then
N(U) C N(Z(U)) C C(t,) and we have that U € Syly(G).
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From t§ N Y = ¢ty we deduce that ¢, fixes one point of  and since ¢, is central
in a Sylow 2-subgroup of G, the conditions of Holt’s theorem are satisfied.
Consideration of the groups given by Holt which have Sylow 3-subgroup of order
3% = |G|, leads to a contradiction. Thus Y = G and the result is proved.
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